The principal aim of this paper is to compare two analytical methods of decomposition employed for solving nonlinear problem of flow in converging-diverging channels, namely the Adomian Decomposition Method (ADM) and Generalized Decomposition Method (GDM). The comparison between ADM and GDM is conducted by using the numerical results of the studied problem as a guide. The results show that GDM method is more accurate and very efficient than ADM method. Indeed, ADM is a good method in solving the nonlinear problems, but we notice in solving the nonlinear problem of the Jeffery-Hamel flow that GDM is powerful, superior than ADM and clearly constitute an excellent choice for solving nonlinear problems.
Introduction
In these last years the new analytical methods have been extensively used in a wide research activity. Generally these methods give the approximate solutions to a large mathematics, physics or engineering applications governing by linear or nonlinear differential equations [1, 2, 3, 4, 5, 6, 7, 8, 9 ]. Adomian's decomposition method discovered by Georges Adomian in 1980s is one of powerful techniques which provides the solution as a fast convergent series with elegantly computable terms and does not need linearization or discretization. The principle of this method is well discussed in [10] . The first proof of convergence of the series obtained by Adomian method was discussed by cherruault et al. [11] . Since then, several contributions have been conducted on the convergence of Adomian method [12, 13, 14, 15, 16] . Many authors were also discussed the similarity of the Adomian decomposition method to numerical solutions of initial or boundary value problems such as the Picard method [17, 18] and the Runge-Kutta method [19, 20] . In literature a large variation of the decomposition methods exists, which can be also applied for practical solutions of linear or nonlinear ordinary differential equations, partial differential equations and integral equations. Indeed, these variations will be referred as modified decomposition [21, 22, 23, 24] . Generalized decomposition method [24] (GDM) is one of powerful modified decomposition method. This method developed recently by Yong-Chang et al., is an extension of the decomposition method for solving nonlinear equations. In this paper, we will make a comparative study in order to test the accuracy of the ADM and GDM when applied to the nonlinear problem of Jeffery-Hamel flow. The Jeffery-Hamel flow is a radial two dimensional flow of an incompressible viscous fluid between two inclined plane walls separated by an angle 2α driven by a line source or sink. The nonlinear governing equations of this flow, has been firstly discovered by Jeffery [25] in 1915 and independently by Hamel [26] in 1916. It is worth noting that this flow is one of few exact solutions of the Navier-Stokes equations and has many applications in areas of aerospace, civil, mechanical and biomechanical engineering. It is also noticed, that due to the complexity of mathematical formulation of such types of flow, several techniques of computations have been used, such as variational, perturbation or numerical. In literature, several contributions have been conducted in order to solve the nonlinear problem of Jeffery-Hamel flow. Rosenhead [27] gives on the one hand the solution in terms of elliptic function and discuss on the other hand the various mathematically possible types of this flow. Millsaps and pohlhausen [28] have given the exact solution for the thermal distributions of Jeffery-Hamel flow by considering a constant temperature at the plane walls. For this contribution the
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numerical solution is also given for diverging and converging channels. Fraenkel [29] has investigated the laminar flow in symmetrical channels with slightly curved walls. In this study the resulting velocity profiles of the flow was obtained as a power series. The nonlinear problem of the Jeffery-Hamel flow in converging-diverging channels has been well discussed in many textbooks [30, 31, 32] . The two dimensional stability of Jeffery-Hamel flow has been also extensively studied by many authors [33, 34, 35, 36, 37, 38, 39, 40] . The present study consists of section 2, which develops the nonlinear equations and boundary conditions governing the Jeffery-Hamel flow. Sections 3 and 4 give the theory of Adomian and Generalized Adomian methods, respectively. Section 5 applies ADM and GDM in order to obtain the analytical solutions of the studied problem. Section 6 is a comparison of the methods and section 7 is the conclusion of the study.
2Governing equations
In this study we consider the flow of an incompressible viscous flow between nonparallel plane walls (see Fig. 1 ). This flow known as Jeffery-Hamel is generated by a line source or sink. We consider that the flow is uniform along z-direction and we assume purely radial motion, i.e.: for velocity components we can write: (ܸ ൌ ܸሺ‫,ݎ‬ ߠሻ; ܸ ఏ ൌ ܸ ௭ ൌ 0ሻ. In cylindrical coordinates (r, θ, z) the reduced forms of continuity and Navier-Stokes equations are:
Where: ܸ : radial velocity ; ߩ : density ; ߥ : kinematic viscosity ; P : fluid pressure.
According to Eq. (1), we define that the quantities ሺ‫.ݎ‬ ܸ ሻdepends on ߠ and we can write: ‫ܨ‬ሺߟሻ ൌ 1 , ‫ܨ‬ ′ ሺߟሻ ൌ 0 (7), at the centerline of channels. ‫ܨ‬ሺേߟሻ ൌ 0 (8), at the body of channels. The third order nonlinear differential equation (5) with boundary conditions (7) and (8), have been solved analytically using the ADM and GDM and numerically using fourth order Runge-Kutta and shooting techniques.
Fundamentals of Adomian Decomposition Method
Consider the differential equation: ‫ݑܮ‬ ‫ݑܴ‬ ‫ݑܰ‬ ൌ ݃ሺ‫ݐ‬ሻ (9) Where: N is a nonlinear operator, L is the highest ordered derivative and R represents the remainder of linear operator L. By considering ‫ܮ‬ ିଵ as an n-fold integration for an nth order of L, the principles of method consists on applying the operator ‫ܮ‬ ିଵ to the expression (9) . Indeed, we obtain:
Where ߮ is determined from the boundary or initial conditions. For the standard Adomian decomposition method, the solution u can be determined as the infinite series with the components given by:
(12) And the nonlinear term Nu is given as following:
(13) Where ‫ܣ‬ ‫ݏ′‬ , called Adomian polynomials has been introduced by George Adomian [10] by the recursive formula:
By substituting the given series (12), (13) into both sides of (11), we obtain the following expressions:
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According to Eq. (15), the recursive expression which defines the ADM components ‫ݑ‬ is given as:
Finally after some iterations, the solution of the studied equation can be given as an infinite series by :
Fundamentals of Generalized Decomposition Method
The crux of the Eq. (9) is the nonlinear term Nu. In GDM, Yong-Chang et al. [24] have developed a newly method of decomposition for the nonlinear term Nu:
Where ‫ܬ‬ ‫ݏ′‬ are function depending on ‫ݑ‬ , ‫ݑ‬ ଵ , … . , ‫ݑ‬ . They are given by:
Here, it is worth noting that the adopted new strategy of decomposition could use all necessary information which concern the terms ‫ݑ‬ , ‫ݑ‬ ଵ , … . , ‫ݑ‬ and the nonlinear term Nu. For Generalized Decomposition Method, the solution u can be determined as an infinite series with the components given by:
(20) And the nonlinear term Nu is given as following:
(21) By substituting the given series (20) , (21) into both sides of (11), we obtain the following expressions:
According to Eq. (22) , the recursive formula which defines the GDM components ‫ݑ‬ is given as:
Finally after some iterations, the solution of the studied equation can be given by:
Application of ADM and GDM to the nonlinear problem of Jeffery-Hamel flow
Considering the Eq. (9), Eq. (5) can be written as:
Where the differential operator L is given by: ‫ܮ‬ ൌ (25) and considering the boundary conditions (7) and (8) ሺ0ሻ depend on boundary condition for convergent-divergent channels. In order to make difference between convergent and divergent channels, the boundary conditions are taken in different manner [41] . Indeed, on the one hand for divergent channels, we assume that the body of channels is given by ߟ ൌ 0 and by considering a symmetric condition in the center of channels; the solution is studied between ‫ܨ‬ሺ0ሻ ൌ 0 at the body of channels and ‫ܨ‬ሺ1ሻ ൌ 1 at the centerline of channels. On the other hand, for convergent channels, the center of channels is given by ߟ ൌ 0 and consequently the solution varies from ‫ܨ‬ሺ1ሻ ൌ 0 at the body of channels to ‫ܨ‬ሺ0ሻ ൌ 1 at the centerline of channels.
For convergent channel the boundary conditions are expressed as following:
, at the centerline of channels. ‫ܨ‬ሺ1ሻ ൌ 0 (30), at the body of channels.
But for divergent channels, the boundary conditions are: At the body of channels: ‫ܨ‬ሺ0ሻ ൌ 0.
(31) At the centerline of channels: ‫ܨ‬ሺ1ሻ ൌ 1.
(32)
Analytical solution by ADM
Convergent Channel
By applying the boundary conditions (29) , (30) and considering ‫ܨ‬ ᇱᇱ ሺ0ሻ ൌ ܿ, we obtain:
Where : 
The value of constant c is obtained by solving Eq. (39) using Eq. (30).
Divergent Channel
By applying the boundary conditions (31), (32) 
Analytical solution by GDM 5.2.1 Convergent Channel
Divergent Channel
The quantities a and b can be determined by solving obtained equation (60) using Eqs. (31) and (32).
Comparisons of the GDM and ADM
In this study we are particularly interested to the nonlinear problem of the Jeffery-Hamel flow. The third order nonlinear differential equation (5) with boundary conditions (7) and (8), have been solved analytically for some values of the governing parameters ܴ and ߙ by using ADM and GDM techniques. Fig. 3 Comparison between GDM, ADM and Numerical results for Re=300, α=3°. With intention to compare the two adopted analytical methods ADM and GDM, we use the numerical results of the studied problem as a guide. Indeed, the numerical solution of the third order nonlinear differential equation governing the Jeffery-Hamel flow is obtained by using fourth order Runge-Kutta method. The comparison between ADM and GDM is depicted in (Figs. 2-6 ). Indeed, (Figs.  2-5) show the velocity profiles in convergent-divergent channels, but (Fig. 6) shows the variation of skin friction in divergent channel, related to ܴ ߙ. According to the obtained results for velocity profiles (Figs. 2-5 ) in convergent-divergent channels, we notice that GDM and ADM techniques are in good agreement with the numerical treatment. Table 1 Constant of divergent channel (skin friction) when α=3° (Analytical and numerical results).
In order to show the accuracy of the GDM and ADM, the error between analytical and numerical solutions is presented in tables 2 and 3 for converging-diverging channels. Obtained results show that GDM method is closer to the numerical solution and has a high precision than ADM method. In general, results with six decimal places are sufficient to give a match between GDM and ADM. On the other hand, as it is shown in Fig. 6 and table 1 for skin friction in diverging channel, it is worth noting that GDM results are very closer to the numerical results. Indeed, we conclude that GDM method is more reliable and efficient than ADM method. Generally, GDM and ADM give the solution as an infinite fast series. Table 2 the comparison between ADM and GDM for velocity distribution in convergent channel when: α=5°.
In Fig. 7 , we notice also that GDM method has a fast convergence for series solutions than the ADM method. Indeed, the solution obtained by GDM in converging-diverging channels for a fixed Reynolds number (Re=190) when ߙ ൌ 3°, converges quickly: at the third iteration for convergent flow and at the five iteration for divergent flow. On the other hand, the obtained solution by ADM converges after 5 iterations for the convergent channel but in divergent channel after 9 iterations. Table 3 the comparison between the ADM and GDM results for velocity in divergence channel when: α=5°.
The ADM method is a good technique in solving the nonlinear problems, but we notice in solving the nonlinear equation of the Jeffery-Hamel flow that the GDM method is powerful, superior to the ADM method and clearly constitute an excellent choice for solving nonlinear problems. 
Conclusion
In this paper, the Adomian decomposition and Generalized decomposition methods have been successfully used in solving the nonlinear problem of the flow of an incompressible viscous fluid in converging-diverging channels. It is clearly shown that GDM and ADM techniques are powerful in obtaining the solution of the studied problem. The comparison of ADM and GDM with the numerical solution used as a guide showed that GDM method is more accurate, reliable and efficient than ADM method from a computational viewpoint. Indeed, the new adopted decomposition strategy for the nonlinear term Nu which could use all necessary information concerning the terms of series elements ‫ݑ‬ , ‫ݑ‬ ଵ , … . , ‫ݑ‬ and the nonlinear term Nu, is one of the major advantages of the accuracy of GDM method. On the other hand, GDM has a fast and better convergence than ADM. Finally, the Generalized Decomposition Method is highly recommended and clearly constitute an excellent choice to solve nonlinear problems.
